Abstract. For a group G and R = Z, Z p, Q we denote byĜ R
Introduction
Throughout the paper R denotes one of the rings Z, Q, Z p and K denotes one of the fields Q or Z p, where p is prime. If R and K occur together, we assume that K is a quotient of R. In other words, there are three variants for (R, K) ∶ (R, K) ∈ { (Z, Z p), (Z p, Z p), (Q, Q) }.
Bousfield in [6] introduces the R-homological localization X R of a space X. It is a space X R with an R-homology equivalence X → X R , which is universal among all R-homology equivalences X → Y. He proves that the R-localization exists for any space. The R-localization is well understood for 1-connected spaces. However, if X is not 1-connected, even the computation of π 1 (X R ) can be a very difficult problem. Bousfield reduces the problem to a purely algebraic problem introducing the HR-localization G HR of a group G. It is a group G HR together with a homomorphism G → G HR that induces an isomorphism on the level of the first homology H 1 (G, R) ≅ H 1 (G RH , R), an epimorphism on the level of the second homology H 2 (G, R) ↠ H 2 (G HR , R) and which is universal among such homomorphisms G → H. He proves that the HR-localization exists for any group and π 1 (X R ) = π 1 (X) HR .
The construction of the HR-localization is not explicit and it is still difficult to compute it. But we can compare the HR-localization with the more explicit construction of R-completion of a group G, which is defined as followŝ
where γ R i G is the lower R-central series of G and − ⊗ Q denotes the Malcev completion (Plocalization, where P is the set of all primes, in terms of [12] ) of a nilpotent group. There is If the map (0.1) is an isomorphism, the group G is called HR-good (similarly to R-good spaces). Otherwise, it is called HR-bad. In the book of Bousfield [7] there is only one problem:
Problem (Bousfield): Is there an HK-bad finitely presented group for K = Q or K = Z p?
It is known that a group G is HR-good if and only if the map H 1 (G, R) → H 1 (Ĝ R , R) is an isomorphism and H 2 (G, R) → H 2 (Ĝ R , R) is an epimorphism. If G is finitely generated, then H 1 (G, R) → H 1 (Ĝ R , R) is an isomorphism (because G HR γ R ω (G HR ) =Ĝ R [7] ). So the problem of Bousfield can be reformulated as follows: Is there a finitely presented group G such that H 2 (G, K) → H 2 (Ĝ K , K) is not an epimorphism for K = Q or K = Z p?
We are interested not only inĜ K for K = Z p, Q. The pronilpotent completionĜ Z is interesting as well. It is easy to find an example of an HZ-bad finitely presented group (for example, Klein bottle group Z ⋊ C). However, the homomorphism on the level of homology with finite coefficients H 2 (G, Z p) → H 2 (Ĝ Z , Z p) is usually an epimorphism for all examples that we know. So we generalise the problem of Bousfield and formulate it in the form of conjecture.
Conjecture: If G is a finitely presented group, then the map
is an epimorphism for (R, K) ∈ {(Z p, Z p), (Z, Z p), (Q, Q)}.
In [13] Roman Mikhailov and I proved that the conjecture is true for the class of metabelian groups. Generally we do not believe that the conjecture is true for all finitely presented groups. We tried to find a counterexample among those solvable groups, for which we can compute H 2 (Ĝ R , K). For example, for Abels' group [1] (which is known as a counterexample for some conjectures that are true for metabelian groups) or for finitely presented groups of the form N ⋊ C, where C is the infinite cyclic group and N is nilpotent. But in all these cases the map turns out be an epimorphism. Then I found a reason why in all these cases the map is an epmorphism. All these groups are of finite Prüfer rank. The first goal of the paper is to study homological properties ofĜ R for solvable groups G of finite Prüfer rank and prove the conjecture for them.
Recall that a group is of type F n if it has a classifying space, whose n-skeleton is finite. A group is of type F 1 if and only if it is finitely generated. A group is of type F 2 if and only if it is finitely presented. It seems, it is natural to look at the homomorphism H n (G, K) → H n (Ĝ R , K) for a group G of type F n for any n and ask, when it is an epimorphism. So the most general problem in this direction is the following.
Problem: Describe groups G of type F n such that the map
is an epimorphism.
Bousfield proofs [8] that one of the groups H 2 (F Z p , Z p), H 3 (F Z p , Z p) is not trivial for a free group F , and hence, not for all groups of type F n the map (0.3) is an epimorphism. However, it seems the class of groups of type F n such that the map (0.3) is an epimorphism is very large. We denote by C the infinite cyclic group. If M is a C-module, we can consider the semidirect product M ⋊ C. Bieri and Strebel describe all modules M such that M ⋊ C is finitely presented [3, Th. C] . It can be shown, and we will show this later, that if M ⋊ C is finitely presented, then M ⋊C is of type F n for any n. The second goal of the article is to prove that for any finitely presented metabelian group of the form G = M ⋊ C the homomorphism (0.3) is an epimorphism for any n.
Usually we look at the R-completionĜ R as on a discrete group. But it turned out that for our purposes it is useful to look on this group as on a topological group with the topology of inverse limit. Unfortunately, the standard continuous cohomology of topological groups [17] behave well enough only for compact groups. Because of this, we introduce unform cohomology H * u (G , K) of a topological group G , which are defined similarly to continuous cohomology, but instead of continuous chains we consider uniform chains. Here we consider only topological groups, whose left and right uniform structures coincide. We like the uniform cohomology more then the continuous cohomology because they send inverse limits to direct limits in a more general case (see Proposition 2.6). A topological group G is said to be n-cohomologically discrete over K if the obvious map is an isomorphism
for any m ≤ n. If a topological group is n-cohomologically discrete over K for any n, we call it just cohomologically discrete over K. This definition is interesting for us because of the following statement that we prove.
Proposition. Let G be a finitely presented group. IfĜ R is 2-cohomologically discrete over K, then the map (0.2) is an epimorphism.
For more detailed version and the proof see Proposition 4.3. A group G is of finite Prüfer rank (special rank, reduced rank) if there is a number r such that any finitely generated subgroup of G can be generated by r generators. The minimal r = r(G) with this property is called Prüfer rank of G. If there is a short exact sequence of groups G ′ ↣ G ↠ G ′′ , then G is of finite Prüfer rank if and only if G ′ and G ′′ are of finite Prüfer rank and r(G) ≤ r(G ′ ) + r(G ′′ ) [15, Lemma 1.44] . Let A be an abelian group. For prime p we set p A = {a ∈ A pa = 0}. The group A is of finite Prüfer rank if and only if A ⊗ Q is finite dimensional over Q, p A is finite dimensional over Z p and the dimensions are bounded over all p [15, pp. 33-34] . In this case
Obviously, a solvable group G is of finite Prüfer rank if and only if there is a finite sequence of normal subgroups
is an abelian group of finite Prüfer rank. For example, the group Z[1 2] ⋊ C, where C = ⟨t⟩ is the infinite cyclic group acting on Z[1 2] by the multiplication on 2, is a finitely generated non-polycyclic metabelian group of Prüfer rank 2. We prove the following theorem.
Theorem. Let G be a solvable group of finite Prüfer rank. ThenĜ R is cohomologically discrete over K. Moreover, if G is finitely generated, then the map (0.2) is surjective and G is HK-good.
For a more detailed version and the proof see Proposition 4.7 and Theorem 4.9. We denote by C the infinite cyclic group. A finitely generated C-module M is called tame if: (1) the torsion subgroup tor(M) is finite; (2) M ⊗ Q is finite dimensional; (3) there exists a generator t of C such that the characteristic polynomial of t ⊗ Q ∈ GL(M ⊗ Q) is integral. Bieri and Strebel proved [3, Th. C] that the group G = M ⋊ C is finitely presented if and only if the C-module M is tame. Note that a tame C-module is of finite Prüfer rank. Hence, G = M ⋊ C is a metabelian group of finite Prüfer rank. It follows from the main theorem of [2] that G is of type F P n for any n. By [4] we know that F P n implies F n . Therefore, if M is a tame C-module, M ⋊ C is of type F n for any n. We prove the following theorem.
Theorem. Let M be a tame C-module and G = M ⋊ C. Then the map (0.3) is an epimorphism for any n.
For more detailed version see Proposition 5.7 and Theorem 5.8. Moreover, we prove the following. If C = ⟨t⟩ and M(t−1) ⊆ pM, then the map (0.3) gives an isomorphism H * (G, Z p) ≅ H * (Ĝ Z p , Z p) and it follows that the Z p-localization of the classifying space is the classifying space of the Z p-completion
In particular, the isomorphism (0.4) holds in the case G = Z n ⋊ a C, where C acts on Z n by a matrix a ∈ GL n (Z) such that entries of a − 1 are divisible by p. A lot of things can be done much simpler here, if we assume that K ≠ Z 2 ≠ R and use the natural isomorphism
for an abelian group A and p ≠ 2 (see [9, Ch. V, Th. 6.6], [10] ). But we intentionally do not use it because we want to cover the case of K = Z 2. The paper is organised as follows. In Section 1 we prove some lemmas that generalise the standard fact that, if a morphism of converging spectral sequences is an isomorphism on some page, then it converges to an isomorphism. In Section 2 we study inverse systems of groups. Namely, we study relations between cohomology of the inverse limit, the direct limit of cohomology and the uniform cohomology of the inverse limit. In section 3 we study mod-p homology of a completion of a solvable group of finite Prüfer rank with respect to any filtration. In Section 4 we study R-completions of groups. In particular, we prove here that, if R-completion is 2-cohomologically discrete, then the map
is an epimorphism, and the main result that the R-completion of a solvable group of finite Prüfer rank is cohomologically discrete over K. In Section 5 we prove that, for a tame C-module M,
1. Lemmas about spectral sequences Lemma 1.1. Let f ∶ E → E ′ be a morphism between two spectral sequences of cohomological type converging to a morphism of graded abelian groups ϕ ∶ H → H ′ and r, n be natural numbers. Assume that the spectral sequences are concentrated in the first quadrant. If for any pair of integers (k, l) such that (r − 1)k ≤ r(n − l) the morphism on the level of rth pages f
Note that for any pair (k, l) such that k + l ≤ n and any r the inequality (r − 1)k ≤ r(n − l) holds. First, assume that r ≥ n + 2. In this case, if
It follows that ϕ m is an isomorphism for m ≤ n. Prove now the statement for r ≤ n + 2 by induction on n + 2 − r. We already proved the base step n + 2 − r = 0. Prove the inductive step. The direct sum ⊕ (k,l)∶(r−1)k≤r(n−l) E k,l r is a direct summand of the differential module (E r , d r ) because the bidegree of d r is (r, −r +1) and, if (k, l) satisfies (r −1)k ≤ r(n−l), then (k + r, l − r + 1) satisfies (r − 1)(k + r) ≤ r(n − (l − r + 1)). The same for E ′ and f r ∶ E r → E ′ r respects this decomposition. It follows that f r induces an isomorphism on (r + 1)st page f
r+1 is an isomorphism for the smaller set of indexes satisfying ((r + 1) − 1)k ≤ (r + 1)(n − l). The assertion follows from the inductive hypothesis.
There is a dual version. Formally it does not follow from the previous, but the proof is the same. Lemma 1.2. Let f ∶ E → E ′ be a morphism between two spectral sequences of homological type converging to a morphism of graded abelian groups ϕ ∶ H → H ′ and r, n be natural numbers. Assume that the spectral sequences are concentrated in the first quadrant. If for any pair of integers (k, l) such that (r − 1)k ≤ r(n − l) the morphism on the level of rth pages f
The proof is the same.
There are two corollaries for the second page. Corollary 1.3. Let f ∶ E → E ′ be a morphism between two spectral sequences of cohomological type converging to a morphism of graded abelian groups ϕ ∶ H → H ′ and n be a natural number. Assume that the spectral sequences are concentrated in the first quadrant. If for any pair of
Corollary 1.4. Let f ∶ E → E ′ be a morphism between two spectral sequences of homological type converging to a morphism of graded abelian groups ϕ ∶ H → H ′ and n be a natural number. Assume that the spectral sequences are concentrated in the first quadrant. If for any pair of
Cohomology of inverse limits
Throughout the section we denote by P a fixed filtered partially ordered set (=directed set). The word "filtered" means that for any i, j ∈ P there exists k ∈ P such that k ≥ i and k ≥ j. The main example of P for us is N but occasionally we use other examples like all finitely generated subgroups of a group. By a directed system in a category C we mean a functor C ∶ P → C, where P is treated as a category. For i ∈ P we set C i ∶= C(i). Dually we define an inverse system C ∶ P op → C. In the case of inverse systems we use the dual notation C i ∶= C(i). We say that a property holds for big enough i if there exists k ∈ P such that the property holds for any i ≥ k.
We use directed limits (=filtered colimits) lim → of directed systems and inverse limits lim ← of inverse systems. The important advantage of directed limits in contrast to inverse limits is that lim → ∶ Ab P → Ab is an exact functor. Throughout the section G denotes an inverse system groups and epimorphims. We set G i ∶= G(i). So we assume that the homomorphism G j → G i is an epimorphism for any i ≤ j.
Let S be a commutative ring. A direct S[G]-module M is a direct system of abelian groups, together with a structure of S[
sequence of groups and epimorphisms, then by Mittag-Leffler condition the sequence of inverse limitsĜ ′ ↣Ĝ ↠Ĝ ′′ is short exact.
Cohomologically discrete direct modules.
A direct G-module M is said to be ncohomologically discrete, if the homomorphism
is an isomorphism for any m ≤ n (further we will prove that this definition is equivalent to a definition given on the language of uniform cohomology for some class of direct modules Proposition 2.7). The inverse system G is said to be n-cohomologically discrete over K if the constant G-module K is n-cohomologically discrete. If G is n-cohomologically discrete K for any n, it is called cohomologically discrete over K.
Proposition 2.1. Let G ′ ↣ G ↠ G ′′ be a short exact sequence of inverse systems of groups and epimorphisms and M be a direct G-module. Assume that
Proof. For any fixed i the morphism of short exact sequences
and the homomorphism ofĜ-modulesM → M i yield a morphism of Lyndon-Hochschild-Serre spectral sequences, whose second page component is
and that converges to the morphism
On the left hand we have a direct system of spectral sequences. Since direct limit is an exact functor, we obtain the spectral sequence of direct limits, whose second page is lim
Moreover, we obtain a morphism of spectral sequences, whose second page component is
and that converges to the homomorphism lim
is an isomorphism for pairs (k, l) such that k ≤ 2(n − l). The assertion follows from Corollary 1.3.
Corollary 2.2. Let G ′ ↣ G ↠ G ′′ be a short exact sequence of inverse systems of groups and epimorphisms. Assume that
Then G is n-cohomologically discrete.
Quasiconstant direct systems.
Let A be an abelian category. A direct system A in A is said to be zero-equivalent if for any i there is j > i such that the morphism A i → A j vanishes. In this case lim → A i exists and vanishes. Let A be a direct system in A. Assume thatȂ = lim → A i exists. Consider the kernels B i = Ker(A i →Ȃ). They form a direct system of groups B. Then A is called quasiconstant if B is zero-equivalent and the morphism A i →Ȃ is an epimorphism for big enough i. Equivalently, A is quasiconstant if there exists a short exact sequence of direct systems B ↣ A ↠ C such that B is zero-equivalent and C i → C j is an isomorphism for big enough i and any j ≥ i. In this caseȂ ≅ C i for big enough i.
Dually one can define zero-equivalent inverse systems and quasiconstant inverse systems.
Lemma 2.3. Let F ∶ A op → B be an exact contravariant functor from an abelian category A to an abelian category B. If A is a quasiconstant inverse system in A, then F(A) is a quasiconstant direct system in B and
Proof. Obvious.
Lemma 2.4. Let A be an inverse system (resp. directed system) of S-modules of finite length over S. Assume that the lengths of the modules are bounded above i.e. there exists n such that length(A i ) ≤ n (resp. length(A i ) ≤ n) for any i. Then A is quasiconstant and length(lim
Proof. For any fixed i the system of images Im(A j → A i ) for j ≥ i stabilises because A i has finite length. In other words there exists C i ⊆ A i such that C i = Im(A j → A i ) for big enough j ≥ i. Note that the inverse system A i C i is zero-equivalent. It is easy to see that C i+1 → C i is an epimorphism. Hence, length(C j ) ≥ length(C i ) for j ≥ i. Since the lengths are bounded above, C j → C i is an isomorphism for big enough i. The proof for directed systems is similar.
A direct S[G]-module is called quasiconstant if it is qasiconstant as a direct system of abelian groups.
Then the following are equivalent.
(
Proof. (2)⇒ (1) is obvious becauseM is a quotient of M i for big enough i.
andM is Noetherian, we obtain Im(M i →M) =M for big enough i. Hence M i →M is an epimorphism for big enough i. Without loss of generality we can further assume that it is an epimorphism for all i. Set N i = Ker(M i →M). Then we have a short exact sequence of direct modules N ↣ M ↠M. It follows that lim
2.3.
Cohomologically discrete inverse limits. Let G be a topological group, whose right and left uniform structures coincide. For a topological G -module M we define uniform cohomology of G with coefficients in M H n u (G , M ) similarly to continuous cohomology [17] but instead of the complex of continuous cochains we consider the complex of uniform cochains
If G is a compact topological group, uniform cohomology coincide with continuous cohomology. A discrete G -module M is said to be n-cohomologically discrete if the morphism
is an isomorphism for m ≤ n. The topological group A is said to be n-cohomologically discrete over a commutative ring S if S is a n-cohomologically discrete G -module.
Proposition 2.6. Let M be a quasiconstant direct G-module. ConsiderĜ as a topological group with the topology of inverse limit andM as a discreteĜ-module. Then
Proof. Without loss of generality, we can assume that M i →M is an epimorphism for any i.
Since N is zero-equivalent, H * (G i , N i ) is zero-equivalent as well. Since the functor of direct limit is exact, it follows that lim
. Since the functor of direct limit is exact, it is enough to prove that
. Since the mapsĜ → G i are epimorphisms, we get that it is a monomorphism. In order to prove that it is an epimorphism, we need to prove that for any f ∈ C n u (Ĝ,M) there exists i andf ∈ C n (G i ,M) such that f is a composition off and the projectionĜ n → G
Then the uniform structure onĜ is generated by sets
Corollary 2.7. Let M be a quasiconstant direct G-module. Then M is n-cohomologically discrete as a direct G-module if and only ifM is n-cohomologically discrete as a discretê G-module.
Proposition 2.8. Let G ′ ↣ G ↠ G ′′ be a short exact sequence of inverse systems of groups and epimorphisms and M be a quasiconstant direct G-module. Assume that
(1)M is n-cohomologically discrete as a discreteĜ ′ -module;
ThenM is n-cohomologically discrete as a discreteĜ-module.
Proof. By Corollary 2.7 we obtain that M is n-cohomologically discrete as a direct G ′ -module. Then by Proposition 2.1 and the Corollary 2.7 it is enough to prove that
because M is n-cohomologically discrete over G ′ . We have
because H m (Ĝ ′ ,M) is 2(n − m)-cohomologically discrete as a discreteĜ ′′ -module. And using again that M is n-cohomologically discrete over G ′ we get
Composing these isomorphisms we obtain that {H m (G
Mod-p homology of completions of abelian and solvable groups of finite Prüfer rank
For an abelian group A we set
We freely use that for a torsion free abelian group A there are isomorphisms H * (A) ≅ Λ * (A) and 
The proof is similar if f is an epimorphism. Consider the general case. Denote by I the image of f. Since f induces isomorphisms p A ≅ p B and A p ≅ B p, the maps p A → p I and A p → I p are monomorphisms and the maps p I → p B and I p → B p are epimorphisms. Using that − ⊗ Z p is right exact and Tor(−, Z p) is left exact, we obtain that A p → I p and p I → p B are isomorphisms. Then all these four maps are isomorphisms and, using that we proved above, we get
(2) Denote by P the set of couples of finitely generated abelian groups (A ′ , B ′ ) such that A ′ ≤ A, B ′ ≤ B and f (A ′ ) ≤ pB ′ . Consider P with the natural filtered order. Obviously we have B = ⋃ (A ′ ,B ′ )∈P B ′ . Prove that A = ⋃ (A ′ ,B ′ )∈P A ′ . Indeed, for any finitely generated subgroup A ′ ≤ A generated by a 1 , . . . , a m we have f (a i ) ∈ pB because the map A p → B p is trivial. Hence, we can find b 1 , . . . , b m ∈ B such that pb i = f (a i ) and consider the subgroup B ′ generated by them. Therefore (A ′ , B ′ ) ∈ P and
So, using that homology commute with direct limits, we deduce the statement to finitely generated abelian groups.
Prove the statement for finitely generated abelian groups. Using the functorial isomorphism H 1 (A, Z p) = A p we obtain the result for n = 1. Prove it for n ≥ 2. Using the Künneth formula, we obtain that it is enough to prove this for three cases A = Z, A = Z p k and A = Z q k for q ≠ p. For A = Z q k and A = Z it is obvious because H n (Z q k , Z p) = 0 and H n (Z, Z p) for n ≥ 2.
Consider the case A = Z p k . The assumptions on f imply that f factors through the homomorphism ϕ ∶ Z p k → Z p k of multiplication by p ∶ ϕ(a) = pa. Then it is enough to prove that
and that the sequence is functoral, we obtain the result for n = 2. Since homology in our case are dual to cohomology, it is enough to prove for cohomology. The
is an algebra homomorphism. For odd p or p = 2 and k > 1 we have isomorphism of algebras H * (Z p k , Z p) ≅ Z p[x, y] (x 2 ), and for p = 2 for k = 1 we have H * (Z 2, Z 2) ≅ Z 2[x], where x = 1 and y = 2. Then H * (Z p k , Z p) is generated in the first and the second degree. Then, using that the maps
are trivial for n = 1, 2, we obtain that they are trivial for all n. Lemma 3.2. Let A 1 ← A 2 ← . . . be an inverse sequence of abelian groups and epimorphisms such that A i p is finite for any i. Then the obvious maps are isomorphisms Proof. First we prove it for prime n = p. By Lemma 3.2 we get thatÂ p = lim
, and hence, the sequence stabilises: (A A i ) p = (Â Â i ) p = A p for big enough i. Thus pÂ = pÂ +Â i for big enough i. It follows that for any p there is i such thatÂ i ⊆ pÂ. Now we prove the general case. Let n = p 1 . . . p l , where p 1 , . . . , p l are primes. Prove by induction on l. We already proved the base step. Set n ′ = p 2 . . . p l . Assume we proved the statement for n ′ . Then there is i such that
Lemmas about abelian groups of finite Prüfer rank.
Recall that an abelian group is of finite Prüfer rank if and only if the Q-vector space A ⊗ Q is finite dimensional, the Z pvector space p A is finite dimensional for any p and the dimensions are bounded above for all p [15, pp. 33-34]. In other words,
For for an abelian group A of finite Prüfer rank we set
Lemma 3.4. Let A be an abelian group of finite Prüfer rank.
We set E = A B and prove
Now we prove the general case. Denote the preimage of p E in A byÃ. Then we have an epimorphismÃ ↠ p E. As we proved above,
Consider the diagram with exact rows 0Ã
A A Ã 0
Tensoring by Q we obtain the following.
. Using the two obtained inequalities and the equality
Lemma 3.5. Let A be an abelian group of finite Prüfer rank, M be a finite
Proof. We denote by (non-p) A the sum of q-power torsion subgroups for q ≠ p
Any finitely generated subgroup of A ′ ≤ (non-p) A is a finite group of order prime to p. Then by Maschke's theorem we obtain H n (A ′ , M) = 0 for n ≥ 1. Since homology commute with direct limits and the group is the direct limit of its finitely generated subgroups, we get H n ( (non-p) A, M) = 0 for n ≥ 1. Using the spectral sequence of the short exact se-
. Then we can assume that A is q-torsion free for q ≠ p.
Further in the proof we assume that A is q-torsion free for a prime number q distinct from p.
Prove for the case where A is one of the cyclic groups 
Prove the general case. Consider a finitely generated subgroup
, using that we proved above, we obtain that dim(
Then the assertion follows from Lemma 2.4, the fact that homology commute with direct filtered limits and that A is the direct limit of its finitely generated subgroups. 
In particular, for fixed A, M, n the dimensions of H n (A B, M B ) are bounded over all subgroups B ≤ A.
Corollary 3.7. If A is an abelian group such that A p and p A are finite for any p, then H n (A, Z p) is finite.
Proof. Take the torsion subgroup tor(A) = ⊕ (p) A of A. Then (p) A is a an abelian group of finite Prüfer rank. By Lemma 3.5 H n (tor(A), Z p) = H n ( (p) A, Z p) is finite for any n. Take the quotient tf(A) = A tor(A). Then H n (tf(A), Z p) = Λ n (tf(A) p), and hence, it is finite for any n. It follows that for any finite Z p-vector space H n (tf(A), V ) is finite. Consider the spectral sequence of the short exact sequence tor(A) ↣ A ↠ tf(A). Components of its second page H * (tf(A), H * (tor(A), Z p)) are finite. Then H n (A, Z p) is finite. 
Proof. Since A i acts trivially on M for big enough i, we have
for big enough i. By assumption for any fixed i there exist j > i such that A j ⊆ pA i and p A j = 0. Then by Lemma 3.1 we obtain that for any n and big enough i (so big that M is a trivial A i -module) there exists j > i such that the map
is trivial. Therefore, the sequence H n (A i , M) is zero-equivalent for any n. For any i we have a spectral sequence
, A i p are finite, we have that the second page consists of finite groups (Corollary 3.7). The functor of inverse limit is exact on the category of finite abilian groups, and hence, we get the spectral sequence lim ) and H n (A A i , MÂ i ) are bonded for any n, the groups H n (Â, M) and H n (Â, M) are finite for any n, and the obvious maps are isomorphisms
Proof. It is easy to see thatÂ
and ⋂Âi = 0. In particular, pÂi = 0 for big enough i. By Lemma 3.8 we obtain thatÂ k p and p (Â i ) are finite. By Lemma 3.3 we obtain that for any i there is
The action ofÂ on M is given by a homomorphism A → G. Since G ⋅Â is in the kernel of the homomorphism,Â i acts trivially on M for big i (Lemma 3.3). Then we can use Proposition 3.9 for the sequenceÂ ⊇Â 1 ⊇Â 2 . . . and obtain the isomorphisms Note that solvable group G is of finite Prüfer rank if and only if there is a finite sequence of normal subgroups G = U 1 ⊇ U 2 ⊇ ⋅ ⋅ ⋅ ⊇ U s = 1 such that U i U i+1 are abelian groups of finite Prüfer rank. Theorem 3.11. Let G be a solvable group group of finite Prüfer rank and let
) and H n (G G i , MĜ i ) are bounded for any n, the groups H n (Ĝ, M) and H n (Ĝ, M) are finite for any n, and the obvious maps are isomorphisms 
Then we obtain a commutative diagram, whose columns are short exact sequences and the second and third rows are short exact sequences.
Using 3×3-lemma, we obtain thatÂ i ↣Ĝ i ↠Ĝ ′ i is a short exact sequence. By Proposition 3.10 A i acts trivially on M for big enough i. It follows that the action ofĜ i on M factors througĥ G ′ i for big enough i. Then using the induction hypothesis, we obtainĜ ′ j acts trivially on M for big enough j. Therefore,Ĝ j acts trivially on M for big enough j. By Proposition 3.10 we obtain that there is an isomorphism
, all these groups are finite 
The proof for homology is similar.
R-completions
4.1. Definitions. Let R ∈ {Z, Z p, Q}. Following Bousfield [7] we define lower R-central series of a group G by recursion
Remark 4.1. It is easy to prove by induction that
A group G is said to be HR-good if the map H 2 (G, R) → H 2 (Ĝ R , R) is an epimorphism. Moreover, it is interesting when the map
It follows thatĜ R is discrete, and in particular, cohomomologically discrete over any ring. 4.2. 2-cohomologicaly discrete R-completions. We are interested in the map
We denote by Φ R α H n (G, K) αth term of Dwyer filtration, which is defined as Φ [12] ) we obtain that the map (4.1) factors through H n (G γ R i G, K) for any finite i. On the other hand, the map G →Ĝ R factors through G γ ω G. Hence
Lemma 4.2. Let G be a group and S be a quotient of R.
and there is an exact sequence
(2) Moreover, if S = K and H 2 (G, K) is finite dimensional, then there are short exact sequences
Proof. The 5-term exact sequence gives the exact sequence
. Then the (1) follows from the short exact sequence
Let G be a group such that H 1 (G, R) is finitely generated over R and
The obvious maps give a short exact sequence
Hence we need to think only about the second (co)homology.
Lemma 4.2 implies that (2) and (3) are equivalent. Moreover, it implies that H 2 (G γ R i G, K) is quasiconstant and its inverse limit is finite dimensional. By Lemma 2.3 we get that H 2 (G γ R i G, K) in a quasiconstant direct sequence with a finite dimensional inverse limit. It follows that (lim
Using this, we get that (3) is equivalent to (1).
Remark 4.4. Using Proposition 4.3, the main result of [13] can be reformulated as follows. If G is a finitely presented metabelian group, thenĜ R is 2-cohomologically discrete over K. 
A is an abelian group such that A ⊗ Q is finite dimensional.
Then G is Q-prenilpotent.
Proof. We assue that A is a normal subgroup in G and A ↣ G is the embedding. Set
Using that G ′′ is Q-prenilpotent and A ⊗ Q is finitedimensional, we get that
Then by Lemma 4.5 we obtain that G is Q-prenilpotent. Proposition 4.7. Let G be a solvable group with a finite sequence of normal subgroups G = U 1 ⊇ U 2 ⊇ ⋅ ⋅ ⋅ ⊇ U s = 1 such that U i U i+1 are abelian and U i U i+1 ⊗ Q are finite dimensional. Then G is Q-prenilpotent. In particular,Ĝ Q is cohomologically discrete over Q. Moreover, if G is finitely generated, then it is HQ-good.
Proof. Using the Lyndon-Hochschild-Serre spectral sequence and induction on s, it is easy to see that H 2 (G, Q) is finite dimensional. Then the assertion follows from Lemma 4.6 by induction and Proposition 4.3.
Remark 4.8. Note that we can not replace Q by Z or Z p in Proposition 4.7. For example, consider the group G = Z ⋊ Z 2 with the sign action of Z 2 on Z. Then we have a short exact sequence Z ↣ G ↠ Z 2, where Z 2 ⊗ R and Z ⊗ R are finitely generated over
Completions of solvable groups of finite Prüfer rank. Recall that a solvable group G is of finite Prüfer rank if there is a finite sequence of normal subgroups G = U 1 ⊇ ⋅ ⋅ ⋅ ⊇ U s = 1 such that for any i the group U i U i+1 is an abelian group of finite Prüfer rank. Theorem 4.9. Let G be a solvable group of finite Prüfer rank. ThenĜ Z andĜ Z p are cohomologically discrete over Z p. Moreover, if G is finitely generated, then
Proof. Cohomological discreteness follows from Theorem 3.11. Using that H n (A, Z p) is finite for an abelian group A of finite Prüfer rank, by induction, it is easy to check that H n (G, Z p) is finite. Then the epimorphism follows from Proposition 4.3. Proposition 4.10. Let A be a abelian group such that A p and p A are finite. ThenÂ Z p is a finitely generated Z p -module. Moreover, if tor(A) is finite and M is a finite Consider the ring homomorphism ϕ = ϕ Λ ∶ Λ →Λ a . Denote byâ = Ker(Λ a ↠ Λ a). Applying the functor of the a-adic completion to the short exact sequence a ↣ Λ ↠ Λ a we getâ =â a . Using (5.1) we obtainâ =Λ a ⋅ ϕ(a). If we identify (a i ) a with the ideal ofΛ a and use (5.1), we obtain
Tensoring the short exact sequenceâ i ↣Λ a ↠ Λ a i on M, we obtain the exact sequence M ⊗ Λâ i →M → M Ma i → 0, which implies
In particular, Λ a i =Λ a â i . It follows that (Λ a ) ∧ a =Λ a . Assume that M is a finitely generated Λ a -module. Using (5.3) we obtain M⋅â i = M⋅a i . Then, using (5.2), the isomorphism (Λ a ) ∧ a =Λ a and the equality M ⋅â i = M ⋅ a i , we get Using that a double inverse limit is the limit over the ordered set N 2 and that the diagonal {(i, i) i ∈ N} is a cofinal subset, we obtain In particular, it does not depend on Λ. Moreover, if A is generated by t 1 , . . . , t n , then I Λ = ∑ Λ[A](t i − 1) and By C we denote the infinite cyclic group.
Lemma 5.4. Let K be an Artinian commutative ring and M be a K[C]-module, which is finitely generated over K. Then the C-moduleM I is nilpotent, the homomorphism M →M I is a split homomorphism of C-modules and there is an isomorphism
which is natural by M, where MI ∞ = ⋂ 5.2. Completion of metabelian groups over C. Lemma 5.6. Let G be a group, N be a nilpotent G-module and X be an abelian group. Then H n (N, X) is a nilpotent G-module.
Proof. Let N be a nilpotent G-module of class m. The proof is by induction on m. If m = 1, then N is a trivial G-module, and hence, H n (N, X) is trivial. Prove the inductive step. Consider a short exact sequence T ↣ N ↠ N ′ , where T is a trivial module and N ′ is a nilpotent module of class m − 1. By inductive hypothesis the second page of the spectral sequence consists of nilpotent modules H i (N ′ , H j (T, X)). It follows that H n (N, X) is nilpotent.
By C we denote the infinite cyclic group. A group G is said to be metabelian over C if there is a short exact sequence M ↣ G ↠ C, where M is abelian. Then M can be considered as a C-module, where the action of C is induced by the conjugation. It is easy to see that G = M ⋊ C. Hence the group structure on G depends only on the C-module M. Then the completions can be described as follows 
